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Special Session 32: Existence and Multiplicity Results in Elliptic
Variational Problems

G. Bonanno, University of Messina, Italy
S. Carl, University of Halle, Germany

S. A. Marano, University of Catania, Italy
D. Motreanu, University of Perpignan, France

This session is considered as a platform for the presentation of very recent topics and results in the qualitative
study of nonlinear elliptic problems such as, e.g., existence, multiplicity, and comparison principles. Emphasis
is put on variational techniques, combined with topological arguments and sub-super-solution methods,
in both the smooth and non-smooth framework. Thus, a wide range of elliptic problems in bounded or
unbounded domains, with or without constraints will be covered by the speakers of this session.

Multiple solutions for a class of superlinear
Neumann problems

Sergiu Aizicovici
Ohio University, USA
aizicovs@ohio.edu
N. S. Papageorgiou, V. Staicu

We prove the existence of multiple nontrivial smooth
solutions, with precise sign information, for a Neu-
mann boundary value problem governed by the p-
Laplacian, with a superlinear perturbation.

�!1 ⇧1 �

Multiplicity results to elliptic problems in R

Giuseppina Barletta
Università di Reggio Calabria, Italy
giuseppina.barletta@unirc.it

We present some existence and multiplicity results
for the following elliptic problem:

Find u 2 W 1,p(R) satisfying

(P�) � (|u0(x)|p�2u0(x))0 +B|u(x)|p�2u(x)

= �↵(x)g(u(x)) a.e. in R,

where � is a real positive parameter, B is a real pos-
itive number ↵ and g are nonsmooth functions.
We give an existence result for (P�), when the pa-
rameter � varies in a suitable interval. We also show
that under additional assumptions on the behavior
of g at infinity or at zero the interval is unbounded
from above or its lower bound is zero. Finally, we
present some multiplicity results for the problem.

�!1 ⇧1 �

A characterization of the mountain pass geom-
etry and applications to nonlinear di↵erential
problems

Gabriele Bonanno
University of Messina, Italy
bonanno@unime.it

A characterization of the mountain pass geometry
is presented. Relations between the mountain pass
theorem and local minima are pointed out. As con-
sequences, multiplicity results for nonlinear elliptic
Dirichlet problems are obtained.

�!1 ⇧1 �

Some existence results for a perturbed asymp-
totically linear problem

Anna Maria Candela
Università di Bari, Italy
candela@dm.uniba.it

Let us consider the following semilinear elliptic prob-
lem

(P")

⇢ ��u� �u = f(x, u) + "g(x, u) in ⌦,
u = 0 on @⌦,

where ⌦ is an open bounded domain of RN (N � 3)
with smooth boundary @⌦, " 2 R and p, g are given
real functions on ⌦⇥R. If the problem (P") perturbs
an asymptotically linear problem, i.e.

lim
|t|!+1

f(x, t)
t

= 0

uniformly with respect to a.e. x 2 ⌦, we prove that
the number of distinct critical levels of the functional
associated to the unperturbed problem is “stable”
under small perturbations also in lack of symmetry,
both in the non–resonant and in the resonant case,
even when the perturbation term g is continuous but
satisfies no growth assumption.

�!1 ⇧1 �
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Three solutions for a quasilinear elliptic prob-
lem via critical points in open level sets and
truncation principle

Pasquale Candito
University of Reggio Calabria, Italy
pasquale.candito@unirc.it

The aim of this talk is to present a novel approach,
jointly developed with S. Carl and R. Livrea, to in-
vestigate the existence of at least three solutions for
the following quasilinear elliptic problem depend-
ing on a parameter �, with homogeneous Dirichlet
boundary conditions in a smooth bounded domain
⌦,

��pu = �f(u) in ⌦, u = 0 on @⌦.

More precisely, the existence of at least two constant
sign solutions is established owing to an abstract lo-
calization principle of critical points for functionals of
the form E = ��� on open sublevels ��1(]�1, r[)
recently obtained in collaboration with G. Bonanno.
The existence of a sign-changing solution is pointed
out adapting the sub-supersolution method recently
developed by S. Carl and D. Motreanu, where, varia-
tional and topological arguments, such as the Moun-
tain Pass Theorem, in conjunction with comparison
principles and truncation techniques are the main
tools.

�!1 ⇧1 �

Elliptic variational inequalities with discon-
tinuous multifunctions

Siegfried Carl
University of Halle, Germany
siegfried.carl@mathematik.uni-halle.de

We consider multi-valued elliptic variational inequal-
ities for operators of the form

u 7! Au+⇥(u),

where A is a second order elliptic operator of Leray-
Lions type, and u 7! ⇥(u) is a multi-valued lower
order term that may neither be lower nor upper semi-
continuous. Our main goal is to provide an ana-
lytical framework for this new class of multi-valued
variational inequalities that includes variational-
hemivariational inequalities as special case.

�!1 ⇧1 �

Multiple solutions for Dirichlet problems in-
volving the p(x)-Laplace operator

Antonia Chinńı
University of Messina, Italy
achinni@unime.it

We investigate the existence and multiplicity of weak
solutions for Dirichlet problems involving the p(x)-
Laplace operator where p is a continuous function
defined on an open bounded domain with smooth
boundary ⌦ ⇢ RN . In particular, in the case
N < p�, under an appropriate oscillating behaviour
of the nonlinearity, the existence of infinitely many
weak solutions is established while, in the more gen-
eral case 1 < p� and under a suitable growth condi-
tion of the nonlinear term, we obtain the existence of
at least three weak solutions. The approach is based
on variational methods. Bonanno G. and Chinni’
A., Existence results of infinitely many solutions for
p(x)-Laplacian elliptic Dirichlet problems, Complex
Variables and Elliptic Equations,(2012)

�!1 ⇧1 �

Multiplicity results for elliptic Neumann
problems

Giuseppina D’Agúı
DiSIA, University of Messina, Italy
dagui@unime.it

In this talk we present some multiplicity results
for an elliptic Neumann problem. Precisely, recent
critical point results for di↵erentiable functionals are
exploited in order to prove the existence of a deter-
mined open interval of positive eigenvalues for which
the problem admits multiple weak solutions.

�!1 ⇧1 �

Variational methods for di↵erential equation
with small impulsive e↵ects

Beatrice Di Bella
University of Messina, Italy
bdibella@unime.it

In this talk we will deal with the following nonlinear
Dirichlet value problem with small perturbations of
impulse:

(1)

8
<

:

�u00(t) + q(t)u(t) = �f(t, u(t)) t 2 [0, T ], t 6= tj
u(0) = u(T ) = 0
�u0(tj) = u0(t+j )� u0(t�j ) = µIj(u(tj)), 1  j  p

By using the critical points theorems obtained in [1]
and [2] we will prove the existence and multiplicity
of solutions for problem (1) when the parameters �
and µ lie in precise intervals (see [3]).
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�!1 ⇧1 �

Multiple critical orbits for a class of lower
semicontinuous functionals

Petru Jebelean
West University of Timisoara, Romania
petrujebelean@yahoo.com

We deal with a class of functionals I on a Banach
space X, having the structure I =  + G, with
 : X ! (�1,+1] proper, convex, lower semi-
continuous and G : X ! R of class C1. Also, I is
G-invariant with respect to a discrete subgroup G
of X,with dim(span G) = N . Under some appropri-
ate additional assumptions we prove that I has at
least N + 1 critical orbits. As a consequence, we ob-
tain that the periodically perturbed N -dimensional
relativistic pendulum equation has at least N + 1
geometrically distinct periodic solutions. Based on
joint work with Cristian Bereanu.

�!1 ⇧1 �

Standing waves of nonlinear Schrodinger
equation

Shibo Liu
Xiamen University, Peoples Rep of China
liusb@xmu.edu.cn

We consider the standing wave solutions for a wide
class of superlinear Schrodinger equations with peri-
odic potential and asymptotically linear Schrodinger
equations whose nonlinearity is not sublinear. In
both cases the linear part of the eqautions may be
indefinite.

�!1 ⇧1 �

Some recent existence and multiplicity results
for second order Hamiltonian systems

Roberto Livrea
University of Reggio Calabria, Italy
roberto.livrea@unirc.it

In this talk we will show an overview on some ex-
istence and multiplicity results of periodic solutions
for wide classes of second order Hamiltonian systems
that are included in the following general case

(P)�

⇢ �ü(t) = ruF (t, u(t),�) a.e. in [0,T]
u(T )� u(0) = u̇(T )� u̇(0) = 0,

where T > 0, F : [0, T ] ⇥ RN⇥]0,+1[! R is a
smooth function. In particular, exploiting some ab-
stract critical points theorems, there will be analyzed
several situations when F satisfies di↵erent condi-
tions at zero and/or at infinity with respect to u.

�!1 ⇧1 �

Multiple solutions to Dirichlet eigenvalue
problems with p-Laplacian

Salvatore Marano
University of Catania, Italy
marano@dmi.unict.it

The existence of both constant -sign and nodal so-
lutions to homogeneous Dirichlet problems with p-
Laplacian and reaction term depending on a positive
parameter is investigated via variational as well as
topological methods, besides truncation techniques.

�!1 ⇧1 �

Elliptic variational problems with nonlocal
operators

Michael Melgaard
Dublin Institute of Technology, Ireland
mmelgaard@dit.ie

We study the nonlocal and nonlinear problem

L�+ V �� |�|2 ⇤W� = ���,
k�kL2 = 1,

for a large class of potentials V and W on R3. The
operator L =

p�↵�2�+ ↵�4 � ↵�2 (the quasirel-
ativistic Laplacian), with ↵ being Sommerfeld’s fine
structure constant, is a nonlocal, pseudo di↵erential
operator of order one. We prove the existence of
multiple solutions for two separate cases: (1) uncon-
strained problem; (2) constrained problem.

�!1 ⇧1 �
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Existence and non-existence of solutions for
p-laplacian equations with decaying cylindri-
cal

Olimpio Miyagaki
universidade federal de juiz de fora, Brazil
ohmiyagaki@gmail.com
P. Carriao, R. Demarque, O. Miyagaki

In this paper we deal with a class of quasilinear
elliptic problem in whole space, involving p-laplacian
operator and the Hardy-Sobolev critical exponent.
The potential has a unbounded singular set. Com-
bining a version of the concentration compactness
result by Solimini, Hardy-Sobolev type inequality
with the Mountain Pass Theorem, existence of non-
trivial solutions are obtained. Decay properties of
these solutions are showed by applying Vassilev re-
sults. Pohozaev type identities are established in
order to get non-existence results.

�!1 ⇧1 �

Variational problems in geometrical analysis

Giovanni Molica Bisci
University of Reggio Calabria, Italy
gmolica@unirc.it

We present some existence results, obtained in col-
laboration with G. Bonanno and V. Rădulescu, for
a parametric elliptic problem on a Riemannian man-
ifold without boundary. In particular, for a precise
location of the parameter, is established the exis-
tence of a nontrivial solution, without requiring any
asymptotic condition at zero or at infinity on the
nonlinearity. In the case of sublinear terms at the
origin, we deduce the existence of solutions for small
positive values of the parameter and we obtain that
the corresponding solutions have smaller and smaller
energies as the parameter goes to zero. It is worth
noticing that these results also hold in presence of
nonlinearities with critical growth. Finally, a mul-
tiplicity result is obtained and concrete examples of
applications are provided. A basic ingredient in our
arguments is a recent local minimum theorem for
di↵erentiable functionals due to G. Bonanno.

�!1 ⇧1 �

Count and symmetry of global and local mini-
mizers of the Cahn-Hilliard energy functional
over cylindrical domains.

Arnaldo Nascimento
Universidade Federal de Sao Carlos, Brazil
arnaldon@dm.ufscar.br
João Biesdorf, Janete Crema

We address the problem of minimization of the Cahn-
Hilliard energy functional under a mass constraint

over two and three-dimensional cylindrical domains.
Although existence is presented for a general case
the focus is mainly on rectangles, parallelepipeds
and circular cylinders. According to the symmetry
of the domain the exact number of global and local
minimizers are given as well as their geometric pro-
file and interface location; all are one-dimensional
increasing/decreasing and odd functions for domains
with lateral symmetry in all axes and also for circular
cylinders. The selection of global minimizers by the
energy functional is made via the smallest interface
area criterion. The approach utilizes ��convergence
techniques to prove existence of an one-parameter
family of local minimizers of the energy functional
for any cylindrical domain. The exact number of
global and local minimizers as well as their geomet-
ric profiles are accomplished via suitable applications
of the unique continuationprinciple while exploring
the domain geometry in each case and also the preser-
vation of global minimizers through the process of
��convergence.

�!1 ⇧1 �

Bernstein-Nagumo conditions and solutions
to nonlinear di↵erential inequalities

Loc Nguyen
Ecole Normale Superieure at Paris, France
lnguyen@dma.ens.fr
Klaus Schmitt

For ⌦, an open bounded subset of RN , with smooth
boundary, and 1 < p < 1, we establish W 1,p(⌦) a
priori bounds and prove the compactness of solution
sets to di↵erential inequalities of the form

|divA(x,ru)|  F (x, u,ru),
which are bounded in L1(⌦). The main point in
this work is that the nonlinear term F may depend
on ru and may grow as fast as a power of order p
in this variable. Such growth conditions have been
used extensively in the study of boundary value prob-
lems for nonlinear ordinary di↵erential equations and
are known as Bernstein-Nagumo growth conditions.
In addition, we use these results to establish a sub-
supersolution theorem.

�!1 ⇧1 �

Multiplicity theorems for (p,2) equations

Nikolaos Papageorgiou
National Technical University,Athens, Greece
npapg@math.ntua.gr

We consider a parametric nonlinear elliptic equation
driven by the (p,2)-di↵erential operator. We prove
multiplicity theorems when the parameter is bigger
than the second eigenvalue of the p-Laplacian. We
establish three or four nontrivial smooth solutions
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with sign information. Our approach combines vari-
ational methods with Morse theory.

�!1 ⇧1 �

Some results for impulsive problems

Kanishka Perera
Florida Institute of Technology, USA
kperera@fit.edu
T. Gnana Bhaskar

Impulsive problems arise naturally in processes that
involve abrupt changes in the state of the system. In
this talk we will present some existence and multiplic-
ity results for asymptotically piecewise linear elliptic
problems with superlinear impulses using variational
methods.

�!1 ⇧1 �
Symmetric problems in unbounded domains

Addolorata Salvatore
Universita’ di Bari, Italy
salvator@dm.uniba.it

We present some existence and multiplicity results
concerning a special class of radially symmetric ellip-
tic systems in unbounded domains. Furthermore, in
unbounded cylinders we study also partially radially
symmetric problems.

�!1 ⇧1 �

Mountain pass and linking solutions for frac-
tional Laplacian equations

Ra↵aella Servadei
University of Calabria, Italy
servadei@mat.unical.it
Enrico Valdinoci

Motivated by the interest shown in the literature
for non-local operators of elliptic type, in some re-
cent papers, joint with Enrico Valdinoci, we have
studied problems modeled by

⇢
(��)su� �u = |u|q�2u in ⌦
u = 0 in Rn \ ⌦ ,

(1)

where s 2 (0, 1) is fixed and (��)s is the frac-
tional Laplace operator, ⌦ ⇢ Rn, n > 2s, is open,
bounded and with Lipschitz boundary, � > 0 , 2⇤ =
2n/(n � 2s) is the fractional critical Sobolev expo-
nent and 2 < q  2⇤ , that is problems with sub-
critical (q < 2⇤) and critical growth (q = 2⇤) . In
problem (1) the Dirichlet datum is given in Rn \ ⌦
and not simply on @⌦, consistently with the non-local
character of the operator (��)s .

Problem (1) represents the non-local counterpart
of the following nonlinear elliptic equation

⇢
��u� �u = |u|q�2u in ⌦
u = 0 on @⌦ ,

with 2 < q  2⇤ , where 2⇤ = 2n/(n� 2) and n > 2 .
Aim of this talk will be to present some results

which extend the validity of some existence theorems
known in the classical case of the Laplacian to the
non-local framework. In particular, in the critical
setting our theorems may be seen as the extension
of the classical Brezis-Nirenberg result to the case of
non-local fractional operators.

�!1 ⇧1 �

A concentration phenomenon for a semilinear
elliptic equation

Andrzej Szulkin
Stockholm University, Sweden
andrzejs@math.su.se

We consider the problem

��u+ V (x)u = Q(x)|u|p�2u, x 2 ⌦, u 2 H1
0 (⌦),

where ⌦ ⇢ RN is a domain containing the origin,
2 < p < 2⇤, V is bounded, V � 0 and �(��+ V ) ⇢
(0,1). Further, we assume that Q is bounded, posi-
tive on a small ball centered at the origin and nega-
tive outside a slightly larger ball. We show that the
solutions of this problem concentrate at the origin as
the size of the ball tends to 0. We also consider the
same problem with Q positive on two spots of small
size and show that ground state solutions concentrate
at one of these spots.

This is joint work with Nils Ackermann.

�!1 ⇧1 �

Three weak solutions for elliptic Dirichlet sys-
tem

Elisabetta Tornatore
University of Palermo, Italy
elisa.tornatore@unipa.it

Consider the following elliptic Dirichlet system

⇢��u = �ruF (x, u) in ⌦,
u = 0 on @⌦

where ⌦ ⇢ RN (with N � 3) is a non-empty bounded
open set with a smooth boundary @⌦, � is a positive
real parameter and m � 1, F : ⌦⇥Rm ! R is a C1-
Caratheodory function, F (x, 0) = 0 for every x 2 ⌦
and ruF = (Fui)i=1,··· ,m where Fui denotes the par-
tial derivative of F respect on ui (i = 1, · · · ,m). Un-
der suitable assumptions on F , the existence of three
non zero weak solutions is obtained. The approach
is based on critical points theorems.

�!1 ⇧1 �


