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Special Session 46: Discrete/Continuous and Nonstandard Analysis

Kiyoyuki Tchizawa, Institute of Administration Engineering, Ltd., Japan
Imme van den Berg, University of Evora, Portugal

Our session “discrete/continuous and nonstandard analysis” contains variational problem and linear/nonlinear
differential equations and logics itself. Taking intervals for state/time very small in each system, there exists
a problem on discrete/continuous and nonstandard analysis. In some cases, we have a solution of these rela-
tions, but generally not yet enough. In quantum field, Prof S.Nagamachi gave “minimum length”. We need
such an example. There are many problems when discretizing differential equations, for example, wavelet
but not only one thing. Even taking a usual limit, we met many singular states, especially for parameters.
We are going to discuss such a singular state in our session.

Smooth models of discontinuous systems

Luis Albuquerque
Universidade Aberta, Portugal
lgalbu@uab.pt

In this talk we present smooth models of discon-
tinuous systems and make a comparative study of
their dynamics and bifurcations using Nonstandard
Analysis, once the difference between continuity and
S continuity allows the existence of smooth models
of quick changing situations, where usually a discon-
tinuous approach is used.
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The Osgood integral: an extraordinary tool

Rachid Bebbouchi

laboratory of dynamical systems, USTHB, Algiers,
Algeria

rbebbouchi@hotmail.com

Initially, Osgood [4] used the integral of Osgood
for an unicity criterion to the differential equation
dy/dz = f(y), f(0) = 0. The trivial solution is
unique iff this integral goes to the infinite at the
origin. Then he can prove the unicity of the trivial
solution of dy/dx = yLnly|, although the second
member is not lipschitzian. Later, Bernfeld [1] shows
that all the solutions of dy/dx = f(y) do not explose
iff the same integral goes to the infinite at the infinite
and Ceballos-Lira, Macias-Diaz and Villa [3] general-
ize this Osgood’s test. Finally, we can adapt a result
from the Cauchy works [2] as follows: the trivial
solution is a singular solution iff the same integral
vanishes at the origin. Using non standard analysis,
we extend the different criterions to non autonomous
differential equations and generalize them.
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How to find infinitesimals in a big genetic-
metabolic model?

Eric Benoit
Université de La Rochelle, France
ebenoit@Quniv-Ir.fr

In the study of metabolism and expression of genes,
it appears commonly differential systems of large di-
mension (dozens of unknowns). To make the most of
these models, it is necessary to take account of the
orders of magnitude. In fact, we want to modelize
the differential system, with non standard (infinitely
small or infinitely large parameters) coefficients. The
aim of the talk is to discuss the different methods to
introduce these infinitesimals in a real system.
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Error estimation for approximate solutions of
SDE

Shuya Kanagawa
Tokyo City University, Japan
sgk02122@nifty.ne.jp

The numerical solution of Ito’s stochastic differen-
tial equation (SDE) is realized by pseudo-random
numbers in terms of an approximate solution on
computers. Pseudo-random numbers are defined by
some algebric algorithms such as the linear congru-
ential method, M-sequence, etc. For more details,



196

9t ATMS CONFERENCE — ABSTRACTS

see e.g. Knuth (1981) and Fushimi (1989). Since
any algorithm has an essential defect for indepen-
dence and distribution, as Knuth (1981) pointed out,
pseudo-random numbers do not behave completely as
a sequence of independent random variables with the
uniform distribution. Furthermore pseudo-normal
random numbers, which are generated from pseudo-
random numbers by the Box-Muller method or the
Marsaglia method, can not obey the normal distri-
bution exactly. In this note we focus on the dis-
tribution of pseudo-random numbers and consider
the error estimation of the Euler-Maruyama approx-
imation when the distribution of underlying random
variables is different from the normal distribution.
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Relativistic quantum field theory with a fun-
damental length

Shigeaki Nagamachi
Tokushima University, Japan
shigeaki-longaurbo@memoad.jp

The relativistic equation of quantum mechanics
called Dirac equation

h 0
Zg’?’uaw(m) — Mi(x) =0,

ro = ct,x1 = x,T2 = Y,r3 = 2z, contains two con-
stants ¢ (velocity of light), the fundamental constant
in the relativity theory and h = 27h (Planck con-
stant), the fundamental constant in quantum me-
chanics. Dimension of ¢ is [LT™'] and that of h is
[MLAT~!]. W. Heisenberg thought that the equa-
tion must also contain aconstant ! with dimension
[L]. Then arbitrary dimensions are expressed by the
combination of ¢, h and I, e.g., [T] = [L]/[LT™'], [M]
=[ML*T ] /([LT~][L])

In 1958, Heisenberg with Pauli introduced the equa-
tion

o 9(w) % Prs (20 ()y 15 (z) =0, (1)

which is later called the equation of universe. The
constant ! has the dimension [L] and is called the
fundamental length. But equation (1) is difficult to
solve. So, we consider the following soluble equation
having the constant [ with the dimension [L]:
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This equation has no solutions in the axiomatic
framework of of Wightman, that is, the field i (z) is
not an operator-valued tempered distribution. But

() is an operator-valued tempered ultrahyperfunc-
tion.

The equation (2) has a solution in the framework of
ultrahyper function quantum field theory which is a
generalization of Wightman’s tempered field theory.
We present the axioms based on tempered ultrahy-
per functions which have no localization property and
discuss their relations to the fundamental length I:
The two events occurred within the distance [ can
not be distinguished. Only if the distance between
two events is greater than [, they are distinguished.
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On relative stability in 4-dimensional canard

Kiyoyuki Tchizawa
Institute of Administration Engineering, Ltd., Japan
Tchizawa@aol.com

This talk gives the existence of a relatively stable
duck solution ina slow-fast system in R?>*? with an
invariant manifold. It has a 4-dimensional canard
having a relatively stable region when there exists
the invariant manifold near the pseudo singular node
point. It is a revised version of AIMS 2010 and added
further results.
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Transitions between discreteness and continu-
ity of all orders of regularity.

Imme van den Berg
University of Evora, Portugal
ivdb@uevora.pt

We study discrete functions on regular and irreg-
ular infinitesimal grids in one or two dimensions.
We consider its difference quotients of higher order
and give conditions for them to be infinitely close
to the corresponding (partial) derivatives. Impor-
tant tools are the formula of Faa di Bruno for higher
order derivatives and a discrete version of it. Ap-
plications include a general method for transitions
from difference equations to differential equations,
a DeMoivre-Laplace Theorem of higher order and
regularity properties of discrete free-boundary prob-
lems.
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A proof-theoretic approach for nonstandard
analysis

Keita Yokoyama
Pennsylvania State University, USA
azutab@gmail.com

Significant tools for nonstandard analysis are the
transfer principle, the existence of the standard part,
some saturation/enlargement principles, and so on.
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Formalizing these, we can construct a formal sys-
tem for nonstandard analysis. One formal system
based on ZFC is given by Edward Nelson in 1977. In
fact, most part of nonstandard analysis can be done
within a very small fragment of this formal system.
In this talk, I will introduce several weak formal
systems for nonstandard analysis, and discuss which
axioms are essentially needed for nonstandard anal-
ysis. This is a proof-theoretic study of nonstandard
analysis from the standpoint of so called ”reverse
mathematics”. By this, we can see that several basic
theorems of nonstandard analysis are actually equiv-
alent to important axioms of nonstandard analysis.
Moreover, I will give a canonical interpretation of
nonstandard proofs into elementary proofs without
nonstandard methods. This means that, in theory,
there is a canonical way to remove nonstandard tech-
niques from a nonstandard proof. By this, we can
also compare the length of a proof using nonstan-
dard techniques with a proof without nonstandard
analysis.
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