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Special Session 61: PDE Models for Biological Pattern Formation

Thomas Hillen, University of Alberta, Canada
Michael Winkler, University of Paderborn, Germany

The aim of this session is to discuss various state of the art approaches for the modeling of biological pattern
formation, including chemotaxis, cell movement, tumor growth, and spatial ecology. The emphasis lies on
the analysis and simulation of PDE-based models.

Mutations, competition and progression in
cancer dynamics

Marcello Delitala
Politecnico di Torino, Italy
marcello.delitala@polito.it
Tommaso Lorenzi

In this talk we present a mathematical model for
the development of cancer at the cellular scale. At-
tention is focused on progression and heterogeneity
aspects of carcinogenesis under an evolutionary per-
spective.

The model relies on a continuous structured for-
malism and consists of a set of integro-di↵erential
equations describing the dynamics of tumor cells un-
der the e↵ects of mutation and competition phenom-
ena, cell proliferation as well as the action of thera-
peutic agents.

Asymptotic and computational analysis are de-
veloped with an exploratory aim and are devoted to
study the role that the phenomena under considera-
tion play in cancer evolution. The obtained results
suggest that cancer progression selects for highly pro-
liferative clones and point out how some therapeutic
agents might act as an additional selective pressure
leading to the selection for the most fitting, and then
most resistant, cancer clones.
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Remarks on the global existence in super-
critical cases for quasilinear degenerate
Keller-Segel systems

Sachiko Ishida
Tokyo University of Science, Japan
kosactibi914@hotmail.co.jp

We consider the global existence in super-critical
cases for quasilinear Keller-Segel systems with small
initial data. In the non-degenerate case Winkler
(2010) established the global existence and bound-
edness of solutions under the smallness of rv0. Re-
cently, Ishida-Yokota (2012) proved the global exis-
tence under the smallness of �v0. Note that there is
a “gap” in di↵erentiability imposed by Winkler and
Ishida-Yokota. In this talk we try to fill this gap.
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Coupled chemotaxis-fluid models

Alexander Lorz
University Pierre et Marie Curie - Paris 6 (UPMC),
France
lorz@ann.jussieu.fr

We consider coupled chemotaxis-fluid models aimed
to describe swimming bacteria, which show bio-
convective flow patterns on length scales much larger
than the bacteria size. This behaviour can be mod-
elled by a system consisting of chemotaxis equations
coupled with viscous incompressible fluid equations
through transport and external forcing. The global-
in-time existence of solutions to the Cauchy problem
in two and three space dimensions is established.
Precisely, when the fluid motion is described by
Stokes equations, we derive free energy functionals
to prove global-in-time existence of weak solutions
for cell density with finite mass, first-order spatial
moment and entropy provided that the potential is
weak or the substrate concentration is small. More-
over, with nonlinear di↵usion for the bacteria, we
give global-in-time existence of weak solutions in two
space dimensions.
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Long time behaviour in some chemotaxis mod-
els arising in angiogenesis

Cristian Morales-Rodrigo
Univ. Sevilla, Spain
cristianm@us.es
T. Cieslak, M. Delgado, A. Suarez, J.I. Tello

The aim of this talk is to study by di↵erent methods
the long time behaviour of some models arising in
angiogenesis. We will show linear as well as nonlinear
stability of each semi-trivial steady-states for these
models.
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Global existence of solutions to a parabolic-
parabolic system for chemotaxis with logistic
source in the higher-dimensional domain

Etsushi Nakaguchi
Tokyo Medical and Dental University, Japan
nakaguti.las@tmd.ac.jp

We study the global existence of solutions to a
parabolic-parabolic system for chemotaxis proposed
by M.Mimura and T.Tsujikawa [Physica A 230
(1996)] in a three- or higher-dimensional domain.
We will show the global existence of solutions under
certain restriction on the degradation order of logis-
tic source or on the smallness of initial data. We will
also discuss the dynamical system and attractors for
the system.
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Finite-time blowup and global-in-time un-
bounded solutions to a parabolic-parabolic
quasilinear Keller-Segel system

Christian Stinner
University of Paderborn, Germany
christian.stinner@uni-due.de
Tomasz Cieslak

We study radially symmetric solutions to a quasi-
linear parabolic-parabolic Keller-Segel system in a
ball BR ⇢ Rn with n � 3. Critical nonlinearities had
been identified such that in the subcritical case the
solution is global in time and bounded while in the
supercritical case the solution blows up, but it was
not known whether the blowup takes place in finite
or infinite time. Assuming a non-decay for the non-
linear chemical sensitivity function, we prove that
finite-time blowup occurs for any mass in the whole
supercritical case. Moreover, we provide examples
showing that in presence of a suitable decay of the
sensitivity function some solutions blow up in infinite
time. This shows that a non-decay assumption on
the sensitivity function is necessary to have finite-
time blowup in the whole supercritical case while for
decaying sensitivity functions both finite-time and
infinite-time blowup can occur. Our proof uses a
detailed analysis of the Liapunov functional and gen-
eralizes a method which was introduced recently by
M. Winkler.
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Global dynamics in a multi-dimensional
chemotaxis-haptotaxis model

Youshan Tao
Dong Hua University, Peoples Rep of China
taoys@dhu.edu.cn
Michael Winkler

This talk addresses a coupled chemotaxis-haptotaxis
model of cancer invasion. We discuss the global exis-
tence and boundedness of solutions to this model. We

moreover analyze stability and attractivity proper-
ties of the nontrivial homogeneous equilibrium state
and establish a quantitative result relating the do-
main of this steady state to the size of the parameter
of logistic dampening of cell growth. This talk is
based on a joint work with Michael Winkler.
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Competing e↵ects of attraction vs repulsion
in chemotaxis

Zhian Wang
Hong Kong Polytechnic University, Hong Kong
mawza@polyu.edu.hk

Most of past studies on chemotaxis models deal with
attraction and repulsion separately. But in most
biological processes (or experiments), the repulsive
process usually follows the attractive process for bal-
ance in order to accomplish some biological objects.
Hence an attraction and repulsion chemotaxis model
will be more realistic than a sole attraction or repul-
sion chemotaxis model in this scenario. In this talk,
we shall present the first mathematical results on
an attraction-repulsion chemotaxis model and show
the interplay of these two opposed biological pro-
cesses. Some numerical simulations will be shown
and various open questions will be presented.

�!1 ⇧1 �

Reaching a maximal density threshold in some
models of chemotaxis.

Dariusz Wrzosek
University of Warsaw, Poland
darekw@mimuw.edu.pl

We study a quasilinear parabolic system correspond-
ing to models of chemo-taxis in which; 1) there is an
impassable threshold for the density of aggregating
cells. 2) the di↵usion of cells becomes degenerate
or singular (fast or super di↵usion) whenthe den-
sity approaches the threshold. It is proved that for
some range of parameters describing the relation
between the di↵usive and the chemotactic compo-
nent of the cell flux there are global-in-time classical
solutions which in some cases are separated from
the threshold uniformly in time. In the case of
fast di↵usion existence and uniqueness of weak so-
lutions are proved. For the case of non-degenerate
di↵usion the existence of solutions which attain the
threshold in finite time is proved for the elliptic-
parabolic version of the model. The results are con-
tained in the following papers: 1.D.Wrzosek, Model
of chemotaxis with threshold density and singular
di↵usion, Nonlinear Analysis.7 (2010) 338-349 .2.
Zhi-An Wang, M.Winkler, D.Wrzosek, Singularity
formation inchemotaxis systems with volume-filling
e↵ect, Nonlinearity 24, 3279-3297 (2011) 3. Zhi-
An Wang, M.Winkler, D.Wrzosek, Global regularity
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vs. infinite-time singularity formationin a chemo-
taxis model with volume filling e↵ect and degenerate
di↵usion.
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On the solvability of generalized degenerate
chemotaxis models

Tomomi Yokota
Tokyo University of Science, Japan
yokota@rs.kagu.tus.ac.jp
Sachiko Ishida

We consider the solvability of generalized degenerate
chemotaxis models. In particular, the solvability for
the case of the porous medium-type di↵usion has
been studied by Sugiyama-Kunii (2006) and Ishida-
Yokota (2012). In this talk we try to discuss the
solvability for the case of “more generalized” degen-
erate di↵usion by using the maximal regularity.
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