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Special Session 62: PDEs and Dynamical Systems, and Their
Applications

Soo Kyung Joo, Old Dominion University, USA
Jinhae Park, Chungnam National University, South Korea

Tuoc Van Phan, University of Tennessee, USA

Many real life problems have been understood by theories of partial di↵erential equations and dynamical
systems. On the other hand, modeling of physical problems give rise to many challenging mathematical
problems. In this session, we will learn many recent developments of static and dynamic problems arising
from mechanics, physics, and materials science from the view points of both modeling and mathematical
theory.

Global stability of the normal state of super-
conductors under the e↵ect of strong electric
current

Yaniv Almog
LSU, USA
almog@math.lsu.edu
Bernard Hel↵er

Consider a superconducting wire whose tempera-
ture is lower than the critical one. When one flows
a su�ciently strong current through the wire, it is
well known from experimental observation that the
wire becomes resistive, behaving like a normal metal.
We prove that the time-dependent Ginzburg-Landau
model anticipates this behaviour. We first prove
that, for su�ciently strong currents, the semi-group
associated with the model, becomes a contraction
semi-group. Then, we obtain an upper bound for
the critical current where the semi-group becomes
stable. We relate this current to the resolvent of the
linearized elliptic operator.

�!1 ⇧1 �

Analysis of liquid crystals with defects of de-
gree one-half

Patricia Bauman
Purdue University, USA
bauman@math.purdue.edu
Jinhae Park, Daniel Phillips

We investigate the structure of nematic liquid crys-
tal thin films described by the Landau–de Gennes
tensor-valued order parameter with Dirichlet bound-
ary conditions of nonzero degree. We prove that as
the elasticity constant goes to zero a limiting uniaxial
texture forms with disclination lines corresponding
to a finite number of defects, all of degree 1

2
or all of

degree � 1
2

�!1 ⇧1 �

The local structure of the set of steady-states
to the 2D incompressible Euler equations of
hydrodynamics

Antoine Cho↵rut
Universitaet Leipzig, Germany
cho↵rut@mathematik.uni-leipzig.de

Steady-states are of great interest in the study of
the dynamics of 2D incompressible Euler flows. In
this talk I will consider the local structure of the
set of steady-states under certain non-degeneracy
assumptions. The space of vorticity fields is for-
mally foliated into the coadjoint orbits of the group
Darea(⌦) of area-preserving di↵eomorphisms of the
region ⌦ filled with the ideal fluid. The Euler evolu-
tion is a Hamiltonian system on each orbit, with the
kinetic energy as Hamiltonian H. In particular, crit-
ical points of H restricted to the orbits correspond
to steady-states. Hence, these should be, locally and
under suitable assumptions, in one-to-one correspon-
dence with the coadjoint orbits. In finite dimensions,
that is, when one considers a“genuine” Lie group
instead of Darea(⌦), this can be established by a
routine application of the classical Implicit Function
Theorem. In the case of Darea(⌦), it seems di�cult
to give the orbits a satisfactory structure as subman-
ifolds in the space of vorticity fields. Nevertheless,
the problem can be approached in an indirect way
and an analogue of the finite-dimensional result can
be established via the Nash-Moser Inverse Function
Theorem. This is joint work with V. Šverák.

�!1 ⇧1 �

Recurrences, limit sets and shadowing prop-
erty in dynamical systems

Hahng-yun Chu
Chungnam National University, Korea
hychu@cnu.ac.kr
Jaeyoo Choy, Se-Hyun Ku, Jong-Suh Park

We focus on certain dynamic phenomena as re-
currences, limit sets, shadowing property and their
applications. In this talk, firstly, we discuss the enve-
lope of flows on compact spaces which is a gereralized
notion of the functional envelope of maps in discrete
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case. Next, we deal with the concepts of chain recur-
rences, attractors and shadowing property in several
categories.

�!1 ⇧1 �

Asymptotics of Maxwell-Chern-Simons vor-
tices on the unit disc

Jongmin Han
Kyung Hee University, Korea
jmnhan@khu.ac.kr
Namkwon Kim

In this talk, we are concerned with the asymp-
totic behavior of the relativistic Maxwell-Chern-
Simons(MCS) vortices on the unit disc. We establish
the existence of a radial solution of the static MCS
equations which is a minimizer of the MCS functional
in the class of radial functions. We also derive the
asymptotic limit of the radial solution. As a conse-
quence, we obtain a set of elliptic linear equations
which is a generalization of the London equation for
the Ginzburg-Landau model.

�!1 ⇧1 �

A Poincaré–Dulac normal form for Navier-
Stokes equations

Luan Hoang
Texas Tech University, USA
luan.hoang@ttu.edu
Ciprian Foias, Jean-Claude Saut

We study the incompressible Navier-Stokes equations
with potential body forces on the three-dimensional
torus. We show that the normalization introduced
in the paper [Ann. Inst. H. Poincaré Anal. Non
Linéaire, 4(1):1–47, 1987] produces a Poincaré-Dulac
normal form which is obtained by an explicit change
of variable. This change is the formal power series
expansion of the inverse of the normalization map.
Each homogeneous term of a finite degree in the
series is proved to be well-defined in appropriate
Sobolev spaces and is estimated recursively by using
a family of homogeneous gauges which is suitable
for estimating homogeneous polynomials in infinite
dimensional spaces.

�!1 ⇧1 �

On the singular limit of thim film equations
with small Born repulsion force

Huiqiang Jiang
University of Pittsburgh, USA
hqjiang@pitt.edu
Xinfu Chen

We consider dewetting thin film model with both
van der Waals and Born repulsion force. We show

that as the Born repulsion force tends to zero, the
energy minimizers, passing to a subsequence if nec-
essary, converge to a Dirac mass located on the
boundary. The blow up profile of the energy mini-
mizers is identified and the location of spike will be
discussed.

�!1 ⇧1 �

Local estimates of weak solutions for steady-
state non-Newtonian fluid flows

Kyungkeun Kang
Yonsei University, Korea
kkang@yonsei.ac.kr
Bum Ja Jin, Jihoon Lee

We consider steady-state non-Newtonian Stokes and
Navier-Stokes equations confined in bounded do-
mains in dimension three. We obtain various esti-
mates of higher derivatives of weak solutions near
boundary as well as in the interior, when no-slip
boundary conditions are given.

�!1 ⇧1 �

Lyapunov functions, attractors and shadow-
ing property in set-valued dynamics

Se-hyun Ku
Chungnam National University, Korea
shku@cnu.ac.kr
Hahng-Yun Chu, Jong-Suh Park

In this talk, we are concerned with set-valued dynam-
ical systems. In the systems, we obtain some results
about Lyapunov functions and attractors, and then
we also treat the shadowing property. Moreover, we
deal with the Conley’s theorem, which is about chain
recurrences, on non-compact spaces.

�!1 ⇧1 �

On some coupled system with the Navier-
Stokes equations

Jihoon Lee
Sungkyunkwan University, Korea
jihoonlee@skku.edu

In this talk, we consider some mathematical models
coupled with the Navier-Stokes equations. At first,
we consider the magnetohydrodynamics equations in
2 and 3 dimensions. We consider the existence of
classical solutions and the regularity criterion. Sec-
ondly, we consider the Navier-Stokes-Vlasov-Fokker-
Planck equations derived from the combustion the-
ory. Thirdly, we consider the Navier-Stokes-Keller-
Segel equations which governs the motion of the
swimming bacteria. Lastly, we consider some system
which is a simplified model of the Ericksen-Leslie
system.

�!1 ⇧1 �
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Global existence and nonrelativistic limit for
the Vlasov-Maxwell-Chern-Simons system

Ho Lee
Max Planck Institute for Gravitational Physics, Ger-
many
ho.lee@aei.mpg.de
Hyungjin Huh

A system of partial di↵erential equations is studied.
Considering interaction between the Maxwell-Chern-
Simons electrodynamics and the Vlasov matter, the
Vlasov-Maxwell-Chern-Simons system is introduced.
Global existence of classical solutions is proved, and
then its nonrelativistic limit is investigated. When
the speed of light tends to infinity, it is proved that
solutions of the Vlasov-Maxwell-Chern-Simons sys-
tem converge to solutions of the Vlasov-Yukawa sys-
tem.

�!1 ⇧1 �

Planar bistable liquid crystal device and dy-
namics of switching

Chong Luo
University of Oxford, England
luochong@gmail.com
Apala Majumdar, Radek Erban

A planar bistable liquid crystal device, reported in
Tsakonas et al., is modeled within the Landau-de
Gennes theory for nematic liquid crystals. This pla-
nar device consists of an array of square micron-sized
wells. We obtain six di↵erent classes of equilibrium
profiles and these profiles are classified as diagonal
or rotated solutions. In the strong anchoring case, we
propose a Dirichlet boundary condition that mimics
the experimentally imposed tangent boundary con-
ditions. In the weak anchoring case, we present a
suitable surface energy and study the multiplicity
of solutions as a function of the anchoring strength.
We find that diagonal solutions exist for all values
of the anchoring strength W � 0 while rotated so-
lutions only exist for W � Wc > 0, where Wc is a
critical anchoring strength that has been computed
numerically. We propose a dynamic model for the
switching mechanisms based on only dielectric ef-
fects. For su�ciently strong external electric fields,
we numerically demonstrate diagonal to rotated and
rotated to diagonal switching by allowing for variable
anchoring strength across the domain boundary.

�!1 ⇧1 �

W 1,p bound and compactness at p⇤ = np
n�p

, 1 
p < n

B.R. Nagaraj
TIFR Centre for Applicable Mathematics, India
brn@math.tifrbng.res.in

Abstract. In respect of the Rellich-Kondrachov
compact embedding theorem, a mathematically sim-
ple reason is given as to why the well known counter
examples in existence for many years and showing
non-compactness at the critical value p⇤ = np

n�p
, 1 

p < n, do not actually survive ( become vacuous)
for computations in the Lp⇤� norm. The Gagliardo-
Nirenberg-Sobolev condition (GNS) 1 � n

p
+ n

p⇤ = 0
is clearly seen to impose a restriction on the se-
quence index in the definition of the sequence for
such counter examples, in so far as the sequence in-
dex disappears if the Lp⇤� norm is computed with-
out using the gradient, where as, the sequence index
need not disappear while using GNS if the p⇤-norm
estimation makes use of the gradient of the sequence
with the corresponding ‘implied value’. We thus ob-
tain a di↵erent and natural value for the Lp⇤� norm
estimate, showing ambiguity in Lp⇤� norm com-
putation if the two ‘restricted ’ and ‘unrestricted’
computations are compared; note that it is indeed
compulsory to use the gradient of the sequence and
its ‘implied value’ (in integration) from the point-
wise definition of the sequence to check for the W 1,p

bound, so computation using the gradient has to be
considered ‘canonical’. To achieve this, we make use
of the strong norm bounds for the Hardy-Littlewood
maximal function along with the well known ‘po-
tential formula’ which expresses a C1 function of
compact support in terms of its gradient. Thus, and
very surprisingly, this leaves open the question of
compactness at p⇤.

�!1 ⇧1 �

Regularity of solutions to the linearized
Monge-Ampère equation

Truyen Nguyen
University of Akron, USA
tnguyen@uakron.edu
Cristian Gutierrez

The linearized Monge-Ampère equation is a second-
order degenerate elliptic equation which appears in
several applications such as a�ne di↵erential ge-
ometry, complex geometry and fluid mechanics. We
study smoothness properties of solutions to the equa-
tion. By employing a perturbation argument, we
establish interior estimates for the first and second
derivatives of its solutions.
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An analysis of textures in smectic-C films with
multiple defects

Dan Phillips
Purdue University, USA
phillips@math.purdue.edu
Sean Colbert-Kelly

We analyze a model for the elastic energy of planer
c-director patterns in a smectic film. Because of
boundary conditions and polar fields topological de-
fects form in these patterns. We use a Ginzburg
Landau model that allows the director field to have
variable length and to vanish at the defect cores.
We prove that if the model’s G-L parameter is small
then low energy states develop degree +(-) onedefects
that tend to a minimal energy configuration with a
limiting far field texture. Our main contribution is
that we are able to treat the case of unequal splay
and bend elasticity constants. Earlier analytic work
for the G-L functional had been limited to the equal
constant case.

�!1 ⇧1 �

Mathematical analysis and di↵usive interface
modeling of membrane movements

Rolf Ryham
Fordham University, USA
rryham@fordham.edu

The role of a biological membrane is to act as a
barrier between ionic solutions. One way life con-
trols ionic solution is through ion channels. A second
more drastic way is by introducing a hole in the mem-
brane itself. For example, in hemolysis, the osmotic
swelling and rupture of a red-blood cell, a single
hole forms in the membrane leading to the leak out
of the contents of the cell. Similarly, in exocytosis
a hole is formed by joining to membrane bilayers.
These processes are mathematically challenging to
study because they involve physical forces on mul-
tiple scales and predicting the time course is more
consequential than the equilibrium end states. This
talk will show how such complicated fluid mechanical
problems yield to quantitative modeling and simula-
tion when using the di↵usive interface and energetic
approach.

�!1 ⇧1 �

Propagation of the advantageous genes in a
population with multiple alleles at a locus

Linlin Su
Worcester Polytechnic Institute, USA
lsu@wpi.edu
Roger Lui

We extended the classical result of Fisher (1937) from
the case of two alleles to multiple alleles. Consider a

population living in a homogeneous one-dimensional
infinite habitat. Individuals in this population carry
a gene that occurs in k forms, called alleles. Under
the joint action of selection and migration, the allele
frequencies, pi, i = 1, . . . , k, satisfy a system of dif-
ferential equations. We first showed that under the
conditions A1A1 is the most fit among the homozy-
gotes, the system is cooperative, the state that only
allele A1 is present in the population is stable, and
the state that only allele A1 is absent in the popula-
tion is unstable, there exists a positive constant, c⇤,
such that allele A1 propagates asymptotically with
speed c⇤ as t ! 1. We then showed that traveling
wave solutions connecting these two states exist for
|c| � c⇤. Finally, we showed that under certain addi-
tional conditions, c⇤ has an explicit formula. These
results allow us to estimate how fast an advantageous
gene propagates in a population under selection and
migration forces as t ! 1 and help to predict the
genetic makeup of a population in the long run. This
is a joint work with Roger Lui.

�!1 ⇧1 �

Dynamic transitions and pattern formations
for Cahn-Hilliard model with long-range re-
pulsive interactions

Shouhong Wang
Indiana University, USA
showang@indiana.edu
Honghu Liu, Taylan Sengul, Pingwen Zhang

In this talk, I shall address the order-disorder phase
transitionand pattern formation for systems with
long-range repulsive interactions. The main focus
is on the Cahn-Hilliard model with a nonlocal term
in the corresponding energy functional, representing
the long-range repulsive interaction. First, we show
that as soon as the linear problem loses stability,
the system always undergoes a dynamic transition
to one of the three types, forming di↵erent pat-
terns/structures. The types of transition are then
dictated by a nondimensional parameter, measur-
ing the interactions between the long-range repulsive
term andthe quadratic and cubic nonlinearities in
the model. The derived explicit form of this parame-
ter o↵ers precise information for the phase diagrams.
Second, we obtain a novel and explicit pattern se-
lection mechanism associated with the competition
between the long-range repulsive interaction and the
short-range attractive interactions. In particular, the
hexagonal pattern is unique to the long-range inter-
action, and is associated with novel two-dimensional
reduced transition equations on the center mani-
fold generated by the unstable modes, consisting
of (degenerate) quadratic terms and non-degenerate
cubic terms. Finally, explicit information on the
metastability and basin of attraction of di↵erent dis-
ordered/ordered states and patterns are derived as
well.
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Liouville Theorem for higher order elliptic
systems

Xiaodong Yan
University of Connecticut, USA
xiaodong.yan@uconn.edu

We study the following higher order elliptic system
in Rn

�mu = vp

�mv = uq

We prove that for 1/(p+ 1) + 1/(q + 1) > 1� 2m/n,
there are no positive radial solutions to the system.
If p > 1, q > 1 and max(2m(p + 1)/(pq � 1), 2m(q +
1)/(pq � 1)) >= n � 2m, there are no positive solu-
tions to the system. The proof of the radial case uses
Rellich identity and the proof in the general case uses
estimates on spherical average of solutions.

�!1 ⇧1 �

Crystalline surface di↵usion

Nung Kwan Aaron Yip
Purdue University, USA
yip@math.purdue.edu
Thitarie Rungratgasame

We study the surface di↵usion of the boundary of
a planar polygonal domain in the setting of a crys-
talline surface energy. It is a motion law mimicking
the evolution of a surface in which the surface normal
velocity equals the Laplacian of mean curvature. We
characterize the velocity in the framework of canoni-
cal restriction and study its properties. In particular,
the phenomena of facet splitting is analyzed.

�!1 ⇧1 �

Kinetic theory and simulations of active ne-
matic suspensions

Ruhai Zhou
Old Dominion University, USA
rzhou@odu.edu
M.G. Forest, Q. Wang

A kinetic model is proposed for dilute or semidi-
lute active nematic suspensions, which generalizes
the Smoluchowski equation for rod-like or plate-like
nematic polymers. Numerical simulations show the
longwave instability of the local concentration field
and the long time phenomena of the band structure
that forms and breaks periodically.

�!1 ⇧1 �


